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Comments are short papers which criticize or correct papers of other authors previously published in thePhysical Review. Each
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for regular articles is followed, and page proofs are sent to authors.

Comment on ‘‘Corresponding states of periodic structures in nematic liquid crystals’’

Maren Grigutsch and Ralf Stannarius
Fakultät für Physik und Geowissenschaften, Universita¨t Leipzig, Linne´straße 5, D-04103 Leipzig, Germany

~Received 30 March 1998!

Palangana, Simo˜es, Evangelista, and Arrote´ia @Phys. Rev. E56, 4282 ~1997!# ~PSEA! propose a general
scaling model for periodic wall patterns in the magnetic twist Fre´edericksz transition of nematics, performing
an elastic energy analysis. We demonstrate that this model is incorrect because it does not consider consistently
the hydrodynamic wavelength selection of the observed structures, but is based on the assumption of inappro-
priate model functions instead. It is shown that experimental data actually contradict the proposed theory. The
approach of PSEA is particularly not suited to determine elastic constant ratios of nematic liquid crystals.
@S1063-651X~99!08107-6#

PACS number~s!: 61.30.Gd, 61.30.Jf, 64.70.Md
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I. INTRODUCTION

From the thermodynamic description of phase transiti
it is well known that physically quite different systems c
show universal behavior near critical points, provided
relevant system parameters are properly scaled by their
responding critical values. It is long acknowledged that
Fréedericksz transition in nematic liquid crystals confined
sandwich cells has much in common with a phase transi
@2#, and the director deformations in the uniform Fre´eder-
icksz transition can be scaled to a universal curve. This is
basis for experimental methods to determine elastic co
cients of nematics~e.g.,@3#!.

Palangana, Simo˜es, Evangelista, and Arrote´ia ~PSEA! @1#
investigate periodic stripe domains that can be observe
the magnetically induced twist Fre´edericksz transition of pla
nar nematic layers, to establish a similar scaling mod
PSEA derive equations that describe stationary director
formations in the periodic domains, and introducead hoc
assumptions on the geometrical shape of the director de
tions ~Eq. ~10! in @1#!. They claim the discovery of a univer
sal curve of corresponding states. PSEA try to prove t
there is a universal relation between the geometrical sh
and wavelength of the periodic domains and the magne
field strength that can be derived from elastic theory. Fina
they apply their model to their own experimental data
lyotropic nematics and to literature data@4# of thermotropic
samples. They suggest that their model is useful for the
termination of elastic constant ratios of nematic liquid cry
tals.

However, the system chosen by PSEA does not belon
the class of phenomena that can be understood within el
theory, since the formation of periodic domains in the ma
netically induced twist reorientation is intrinsically a d
namical phenomenon. In this geometry a planarly orien
PRE 601063-651X/99/60~1!/1092~4!/$15.00
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nematic layer undergoes the reorientation from a unifo
nontwisted initial state to a uniformly twisted final state
the external magnetic field. During this reorientation, o
observes the formation and subsequent decay of periodic
rector patterns, which manifest as parallel stripes in the
tical texture. These patterns are relatively long-term per
tent on the time scale of the director dynamics, a
therefore, one can use elastic theory to describe the sh
~but not the periodicity! of the director field in these struc
tures @5#. The wavelength selection of the patterns is w
understood after many authors have devoted intense rese
to its elucidation~for a short summary see, e.g.,@6#!. It is
established experimentally that the periodicity of wal
which can be observed after a magnetic twist Fre´edericksz
transition, is selected by a viscosity reduction mechan
during the dynamical reorientation.

The basic inconsistency of the PSEA model is that in
beginning the authors acknowledge the role of hydrodyna
processes in the selection of the pattern wavelengthl(H)
but subsequently develop their model to discuss the s
l(H) curve on the basis of purely elastic theory. Howev
since the wavelength selection is controlled by hydrodyna
ics, it is physically obvious that two samples differing on
in viscous properties but having identical elastic consta
will yield different l(H) curves. Hence the analysis of th
periodic structures cannot be reduced to an elastic prob
We emphasize that from elastic theory there are no dis
guished stable or metastable equilibrium deformations in
twist Fréedericksz transition other than the in-plane u
formly twisted states. Any preferred wavelength can only
derived from the sample history, which is from hydrodyna
ics. The scaling of the wavelength vs the magnetic-fi
curve as done by the authors will only provide informati
on the initial wavelength selection, which relatesl to H by
hydrodynamicequations.
1092 ©1999 The American Physical Society
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A further problem with the PSEA model is that the fun
tions assumed for the nematic director field do not desc
metastable but unstable solutions. This will be discusse
the next section. The initial deformations described by PS
decay rapidly towards the stable uniformly twisted solutio
or transform into nonplanar director walls. But even if w
assume~like PSEA! that the structures observed can be d
scribed by a planar director field, their assumptions on
shape of the director deflections are not justified. This will
shown in the third section of this comment. Since the
sumed universal shape parameter is the fundament of
further conclusions of the model, this inaccuracy invalida
the subsequent fits of experimental data.

Finally, PSEA try to demonstrate the existence of cor
sponding states for lyotropic and low molecular mass th
motropic nematics on the basis of experimental data. An
spection of the respective graph in@1# reveals inaccuracies in
the inclusion of literature data. In the fourth section, we
evaluate the experimental curves and supplement som
our own experimental data from literature. We show that
data actually contradict the proposed scaling procedure.
elastic approach presented by PSEA must be rejected
shown in detail below.

II. CALCULATION OF THE EQUILIBRIUM STATES

PSEA base their model on the solution of the Eul
Lagrange~EL! equation for the free elastic energy. In acco
dance with the notation in@1#, we introduce Cartesian coor
dinatesx,y,z in a planar cell with thicknessd, z normal to
the cell plane, the planar director field

nW ~x,y,z!5@cosu~x,z!,sinu~x,z!,0#,

the twist Fréedericksz fieldHF5(p/d)AK22/m0Dx) @8#,
and normalized quantities

h5
H

HF
, t5AK22

K33

p

d
x, t5AK22

K33

p

d
l.

The solutions of the EL equation in the limit of sma
deformationsu'h(t)cos(pz/d) and elastic two-constant ap
proximation (K115K33) can be found from

C5
1

2
~] th!21

1

2
~h221!h22

1

4u0
2

h2h4, ~1!

whereu0
258/3 according to PSEA; a more correct appro

mation yieldsu0
252 @7#. We note that the small angle ap

proximation is certainly not justified for the description
the patterns observed in PSEA’s experiments, cf. the ca
lations in@5#. For h.1, this equation has the trivial solutio
h[0 and the two uniform solutions h56h`5
6u0Ah221/h. The first one is instable and the two latter a
asymptotically stable. In addition, the system has an infin
number of periodic solutions, which can be found when E
~1! is treated as a periodic boundary value problem w
h( i t/2)50 (i 50,61,62 . . . ). When such a periodic solu
tion is regarded, the constantC is related to the derivative o
the deflection angle at the nodest i05 i t/2 of h(t) at the
domain boundaries:
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2 ~] th!2u t5t i0
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and in the same way to the maximum deflection angleh0 in
the domains

C5
1

2
~h221!h0

22
1

4u0
2

h2h0
4 .

The solution has the form of an elliptic sine function@1#

h~ t !5h0snFA~2h`
2 2h0

2!
h2

2u0
2

t,kG .

The shape parameterk in @1# can be expressed by the amp
tude h0(t,h) of the periodic deformation with normalize
wavelengtht and that of the uniform deformation in th
form k2(t,h)5h0

2/(2h`
2 2h0

2). Of the five parameters
h,t,C,k, andh0, only two can be chosen independently
the elastic description~Eqs.~9! ff in @1#!. If, for example,t
andh are given, one can determinek from

A11k2K~k!5 1
4 A~h221! t ~2!

@Eq. ~9! of PSEA#, whereK(k) is the complete elliptic inte-
gral of first kind.

The solution given by PSEA describes~for h.1) the
stable deformation in a box cell with extensionsl/2 alongx
and d along z under fixed boundary conditionsu50 at the
walls. However, the assumption that a periodic sequenc
such solutions with alternating sign ofu describes ameta-
stable array of splay-bend~SB! walls would be incorrect.
Actually such a deformation is stable with respect to dist
tions ofu with the same periodicityl alongx, but is instable
to long-wavelength fluctuations. Mathematically, it has be
demonstrated recently by Amengualet al. @9# that all the
oscillating solutions are linearly unstable with respect to
uniform perturbation. Figure 1 visualizes the situation. Co
sider the boundaryt i0 between two adjacent domainsi ,i
11, with h(t i0)50. An infinitesimal fluctuation ofh, which
shifts this zero in one direction, leads to the growth of t
deflection amplitude in the larger domain and the decreas
the amplitude in the other; the resulting torque on the dir
tor field increases the drift oft i0. The larger domain expand
on the expense of the smaller one until the latter is ex
guished. This instability leads to the continuous decay of
pattern by disappearance of individual domains, even if ot
effects are disregarded. A statement about the stability of
calculated solutions was not directly made in@1#, but since

FIG. 1. Sketch of the deflectionh(t) of the director field. Dots
mark the equilibrium solution. The domain in the middle with
slightly lower amplitude is extinguished finally.
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FIG. 2. The profile ofk(t,h) in the two-
dimensional parameter space. In the black a
stationary periodic solutions are forbidden. Th
gray scale maps different values ofk. The straight
lines visualize three states of equalk ~i.e., equal
t/tc). The dashed line corresponds to thet(h)
dependence of Lonberg’s experiment@4#.
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the authors discuss equilibrium states it is important to n
that their approach only describes unstable deformation
the director field.

In addition to this instability, which leaves a uniforml
twisted stateh56h` , SB walls may also become unstab
with respect to an out-of-plane escape of the director@5,10–
13#. When one observes long-term persistent patterns in
experiment described here, one usually deals with nonpla
escaped twist-bend~TB! walls. These are commonly consid
ered metastable from experimental evidence, althoug
mathematical analysis of their stability still lacks.

III. SHAPE OF THE WALLS

Even if we suppose planar stationary SB walls, the corr
way to describe their shape should start with the calcula
of t(h), from the linear stability analysis of fluctuatio
modes during the reorientation@4#

h25S 12ā

h̄āk
D S 2p

t D 4

1S 2

ā
D S 2p

t D 2

1S 11
kh̄

ā
D , ~3!

with k5K33/K22, and ā,h̄ are viscous parameters of th
nematic. For givenh, one can determinet from Eq. ~3! and
insert it in Eq.~2! to calculatek(h).

The role of this dynamic wavelength selection is me
tioned by PSEA in their introduction of the system but su

FIG. 3. Thek(h) curve derived witht(h) taken from the linear
stability analysis. Parameters of Lonberget al. @4# for MBBA have
been assumed to obtaint(h). The dashed line depicts the critica
field for periodic pattern formationhc .
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sequently disregarded. Instead, the new idea in the PS
model is the introduction of a guess for the parameterk,
which controls the shape of the director walls:

k~h!512e2a(h21) ~4!

„Eq. ~11! in @1#…. The authors claim that the parametera is
universal for nematics. PSEA derive this simple relati
from arguments, which may be plausible for structures o
fixedwavelength and a variable magnetic field. However,
assumption that the wavelength is independent ofh contra-
dicts the experiment.

We demonstrate by an example that the proposed func
k(h) is inadequate. Figure 2 visualizes the general funct
k(t,h) calculated from Eq.~2! in a two-dimensional param
eter space. The parameterk is constant for equalt/tc where
tc52p/Ah221 is the wavelength of the neutral curve, th
is, the lower boundary oft for energetically allowed station
ary periodic deformations at givenh. The actually selected
wavelength derived from Eq.~3!, with the viscoelastic pa-
rameters of the liquid crystal MBBA from@4#, is indicated
by the dashed line in Fig. 2. Along that line, the relatio

FIG. 4. Comparison of the curve given by PSEA@1# with ex-
perimental data of Lonberget al. @4#, and Grigutschet al. @5#. More
detailed data in the vicinity of the critical field can be found in@13#.
The curves demonstrate clearly that the scaling model of PS
fails.
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betweenk andh for stationary domains can be calculated
means of Eq.~2!, and we present the result in Fig. 3. A
though this curve is not universal but in details depend
upon viscoelastic properties of the material, its general sh
is representative, and it is qualitatively different from t
curve assumed by PSEA with Eq.~2!. In particular, periodic
patterns set in only above some well defined thresholdhc

5A11kh̄/ā.1 defined by Eq.~3!, with k'1 near the
threshold field.

IV. COMPARISON OF EXPERIMENTAL DATA

PSEA compare experimental data in their Fig. 2, sugg
ing that there is one fundamental master curve for differ
nematic media. However, the authors obviously have m
an error in the scaling of Lonberg’s data. We present
reevaluated curves in Fig. 4, the correct substitution
(K33/K22) (2d/l)25(2p/t)2. Open squares and the corr
sponding dash-dotted fit curve denote MBBA data of Lo
berget al. @4#, crosses represent our data for a thermotro
mixture @5# together with the solid fit curve, and the dash
line gives the graph presented by PSEA for their lyotro
samples. These scaled curves are far from being ident
We note that in our experiments,K22,K33, and Dx have
been determined in independent measurements. The e
constants andDx for MBBA in Lonberg’s experiment are
also known from literature. In contrast, PSEA have trea
K22,K33 for their substances asfit parameters, which hav
not been compared to independent experiments. This g
additional freedom to scale the curves and, therefore,
understandable that the three graphs for lyotropic mate
coincide.

It is important that in the vicinity of the critical fieldshc
for pattern formation~which do not coincide for all samples!,
the curves on principle cannot be brought to coincide
with the scaling proposed. We underline that the dynam
.
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twist Fréedericksz transition is uniform for 1,h,hc ~see,
e.g.,@6#!, that is, the model of PSEA fails in particular in th
vicinity of the threshold field.

Since the curves presented by PSEA start ath51, it is
highly probable that the authors have not determined
Fréedericksz fieldHF correctly, but do not distinguish be
tween the fieldsHF andHC5hcHF and scale their magneti
field with HC . This is an additional error source when elas
data are retrieved from the wavelength curve.

V. SUMMARY

In our opinion the paper by PSEA is based on an incorr
assumption on the type of their periodic patterns. Due
their anisotropic and nonlinear physical properties, nem
liquid crystals provide many examples for spontaneo
pattern-formation processes; among the different types of
riodic patterns are thermodynamically stable or metasta
periodic equilibrium states~e.g., in the splay Fre´edericksz
transition@14#!, dissipative structures~e.g., electroconvective
rolls @15#!, and transient patterns~e.g., in the magnetic
Fréedericksz transition, see@4#!. Despite many similarities in
their optical appearance, these systems have completely
ferent physical origin. Only the first type can be understo
within elastic theory.

Palanganaet al. have attempted to develop a purely ela
tic model for stripe patterns formed during the magnetica
induced reorientation of nematics, which are intrinsically
lated to the third type of patterns. Therefore, the propo
model is not sufficient to describe the system. The presen
theory of corresponding states in the twist Fre´edericksz tran-
sition of nematics is not correct. In particular, the approa
cannot be used to determine elastic constant ratios.

In the Introduction, the authors repeat an incorrect sta
ment about an alledgedly existing attractive potential
tween nematic director walls. This has been disproven i
previous publication@6#.
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